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Abstract— Analytical solutions, based on the diffusion equation, are presented in describing the pneumatic

drying of grainsduring the falling rate period. Humidity variation of the air along the length of the duct is taken

into consideration as well as the internal and external resistance of the mass transfer in the grain. For a Biot
number greater than 100, the internal diffusion resistance is the dominant factor for the drying process.

NOMENCLATURE

grain radius [m]}

surface area of solids per unit dryer
volume [m ™ !]

mass transfer Biot number, ka/D,,
moisture concentration of solid [kg m ™3]
moisture diffusion coefficient [m? s~ 1]
dry air and solids flow rate [kgs™!]
absolute humidity

mass transfer coefficient based on the
moisture concentration driving force
[ms™1]

parameter, 1/(3mo)

mass flow ratio, G,/G,

dimensionless drying rate,

Rda/[ps( I/V() - I/Veq‘ 0)]

dimensionless radius, r/a

drying rate [kg m~2 s~ 1]

radial coordinate [m]

cross sectional area of dryer [m?]
time [s]

solid velocity [ms™*]

moisture content

distance [m]
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Greek symbols
o equilibrium constant, equation (1)
B constant, equation (1)
8 Fourier number, D, t/a®
&, eigen values
05 solid density {kg m™3].

Subscripts
av average
eq equilibrium
0 initial.

L INTRODUCTION

IN PARTI[1], the constant drying rate was assumed in
the mathematical model for pneumatic drying of grains.
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However, as drying progresses and the fraction of the
surface wetted decreases, the rate of drying falls as the
moisture content of the solid drops. The mechanism of
moisture movement within the solids during the falling
rate period is a very complicated one, depending on the
materials to be dried. For the analysis of drying of usual
grains such as cereal grains, it has been found that the
diffusion equation for spheres describes very well the
drying behavior in the early stages of drying during the
falling rate period. Therefore, a number of theoretical
and experimental investigations on the drying curve of
grain have been based on the diffusion equation [2-5].
Most of them assumed that the resistance of mass
transfer existed only within a grain, and that the
humidity of the drying air was maintained constant. In
the pneumatic drying process, however, humidity of the
surrounding air progressively increases along the duct
length as noted in the preceding paper [1].

The purpose of this paper is to establish analytical
solutions, on the basis of the diffusion equation, de-
scribing the rate of drying and the moisture distri-
bution of grain in such a situation. The resistance of
mass transfer in the convective layer of air at the outer
surface of the grain is also taken into account as well as
the resistance within the grain.

2. MATHEMATICAL MODEL

The model to be considered is based on the following
assumptions:

(1) The internal moisture transfer during drying can
be expressed by J = — D _(6C/or) where the diffusion
coefficient D, is assumed to be constant.

(2) Due to the short residence time in pneumatic
drying, the solid temperature is assumed to be constant.

(3) Equilibrium moisture content is related to the
humidity of drying air as a linear function

W, = oaH+B. 1)

This is justified for cereal grains, such as corn and
wheat, in the humidity range considered in the pneu-
matic drying process (Fig. 1).

The diffusion equation of moisture within a sphere is

ac (azc 20C

= e in 0<r<a, . (2
a m6r2+r6r) in r<a, >0 (2)



852 S. MatsuMoTo and D. C. T. Pu
3 CORN 55
0.3k Ts=40PC] 45 50
] "
% '% ,LYOL‘
0.2+ Lo ot
0 £ [ ALl
b 5 - - 60
;g - o7 /,,—" 03
L 2 ",-"' _====="" 8. 65
0.1F > 5
046 890
, _______
0 2 12

4 6 8 10
Hx10" [kgH,07kg dry-airl

Fi1G. 1. Equilibrium moisture content of corn as a function of the humidity of air.

Initial and boundary conditions are
C=C,

2
-ag=k(c—ceq) at r=a,t>0. (4
.

in 0<r<ag t=0,

3

Ry

_Dm

The humidity change of air along the duct length is
expressed by the following mass balance equation

H
GaL = (a,8)R,

in x>0,
dx

5)

and
H=H, at x=0

Rearranging equation {5) using the relation dx/dt = u,,
the variation rate of the humidity of ambient air is

dH _ a,Su, R
=6,

de
From equations (4) and (6), the relationships on the
drying rate are

oC ap,
Rd - _Dm<5>r=a - k(cr=a_ceq) = ("3';"—)

The above equations can be rewritten in terms of the
moisture content as

(6)

dH

a 0

i D 62W+26W in 0gr<at>0
T = A3 T Hr%aq, s
ot ™ or2 r Or
(8)
W=W, in 0<r<a and H=H, t=0
)]
ow
— A = k(W._ —
A
a \dH
={— ] >0 (10
(3m)dt’ t>0. (10

By using equation (1), equations (9) and (10) are

rewritten as

W=W, in 0gr<a,
and VVeq = vVeq,O; t= 0’ (11)
Fij a \dW,
—-D {— = k(W,._,— =f—
m( ;V) (WyoamWey) (3,”) -2 (12

Introducing the following dimensionless variables

yo oW W Wy
I/VOW'VVeq,O I/VO"’VVeq.O
Dt
R=", §="2 (13)
a a
the above system becomes
Y 9*Y 29Y
=" +Z° in 0KR<1,0>0, (14
) 6R2+R6R in 0 L,0>0, (14)
Y=0 in 0<SR<!1, and Z=18=0, (15
oY dz
— = B(Yg-1—Z)=M-—, 08>0, (16
(69)11:1 (Yr=1—2) a6 > (16)
where
B = ka/D,, and M = 1/(3ma). (17

There are two parameters, Band M, to be considered.
The Biot number represents the ratio of the external
mass transfer rate to the internal diffusion rate. M is a
unique parameter for the pneumatic drying system. It
represents the capacity ratio of air to solids.

3. SOLUTIONS AND ANALYSIS

Solutions of the above equations can be obtained by
Laplace transforms

M
YOR) =33
M 2 1—(M/B)& sin £,R )
+T,§x 0. 3 exp (—&26), (18)
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F1G. 2. Variations of average moisture content of solids and humidity of air with time.

and
_ 3M & o
Z(0) = EYYES] +2M ,.; exp (—£.0)/0,, (19)
where
Q. = (M/BY&: + M[M —(M/B)—(2/B)1¢; +3M +1,

(20)

and £, are the positive roots of
tan & = E[1—(M/B)E*Y/{1 - M[(1/B)—11&*}. (1)
The dimensionless average moisture content within the
sphere is
Y(0) = 3M/BM+1)—6M* 3. exp (—E26)/Q,
n=1

(22)

and the dimensionless rate of drying is

N(©) = Ry/[Dpp(Wo—Weg,0)/]
= 2M? T & exp (—E0/Q, (23)

If the value of B approaches infinity (the external mass
transfer coefficient is very large, k — o0, or the diffusion
coefficient is very small, D,,—0), then the above
solution becomes

YO.R M +2M§ 1
OR =331 R S M2E2 L 3M + 1
in &R
KSR s (—e20), (4)
sin &,
2(6) — IM
)= 3M+1
+2M Y exp (—E20)/[M2E2+3M +1], (25)
n=1
M
Y. =
«(0) 3IM+1
—6M? Y exp (—&20)/IM*EX+3M +1], (26)
n=1

and

NO) = 2M2 Y &2 exp (—E20/[M?E +3M + 1],

n=1
@7
where ¢, are the positive roots of
tan & = EH1+ME2), (28)

These results should become identical with those
obtained with the boundary condition; Y(9, 1) = Z(6)
and —[0Y(0,1)/dR] = M[dZ(0)/d0], which means
that the surface moisture content of the solid is always
in equilibrium with the surrounding humidity. In the
stationary state (0 —»o0), the series in the above
equations are equal to zero, and in this case drying no
longer proceeds due to saturation. The final minimum
moisture content thus becomes

Y(c0, R) = Y, (00) = Z(0) = 3M/BM +1). (29)

4. RESULTS AND DISCUSSION

Variations of the average moisture content and the
humidity of the drying air are shown in Fig. 2 as a
function of Fourier number with parameters of B for
M =5, It can be seen that the larger the value of B, the
faster the drying proceeds and hence the air humidity
increases rapidly. For B > 100, the variation of the
average moisture content agrees nearly with the curve
for B = oo. In these cases, the saturation occurs at
around ¢ =0.6. The saturation moisture content
depends on the magnitude of M ; that is, the smaller the
value of M, the higher the moisture content at
saturation. In Fig. 3, dimensionless drying rates are
shown as a function of Fourier number. As expected, at
a low Fourier number, the drying rate is significantly
higher with larger values of B. However, as the Fourier
number increases, it falls rapidly since the driving force
of mass transfer decreases due to saturation. Thedrying
rate also approaches to that with B = oo as B exceeds
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F1G. 5. Effect of B on the moisture content at the surface and center of the grain. (The solid lines represent the
values at the surface, and the dotted lines at the center.)

100. The effect of the other parameter M on the drying
rateis shownin Fig. 4. It appears that the rate of drying
is not dependent on M. A slight increase in drying rate
with higher M is considered to be caused by a larger
driving force of mass transfer due to a smaller increase
in the air humidity. Figure 5 shows variations of
moisture content at the center and the surface of the
sphere with parameters of B. It is expected that the
moisture distribution in a grain is steep when Bis large.
For B > 100, the surface moisture content is very close
to the case where B = co. It increases slightly with time
since the equilibrium valueincreases with increasingair
humidity. This is especially true when the mass flow
ratio is large.

5. CONCLUSIONS

Based on the analytical solutions of the diffusion
equation of the grain, it can be concluded that for values
of B> 100, the internal diffusion within the grain
controls the drying rate. This results in the fact that the
surface moisture content will be nearly in equilibrium

with the humidity of the ambient air at any time.
Therefore, lower loading ratios should be recom-
mended in drying the grains. However, it should be
pointed out here that this analysis can be adopted to
predict the drying curve of any material with known
equilibrium data and moisture diffusion coefficient
during the falling rate period.
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UNE ANALYSE MATHEMATIQUE DU SECHAGE PNEUMATIQUE DES GRAINS—II.
SECHAGE A VITESSE DECROISSANTE

Résumé— Des solutions analytiques, basées sur I'équation de diffusion, sont présentées pour décrire le séchage

pneumatique des grains pendantla période de décroissance du séchage. La variation d’humidité de I'air dansla

longueur du tube est prise en considération aussi bien que la résistance interne et externe du transfert massique

dansle grain. Pour un nombre de Biot supérieur a 100, 1a résistance interne de diffusion est le facteur dominant
pour le mécanisme de séchage.

MATHEMATISCHE UNTERSUCHUNG DER LUFTTROCKNUNG VON GETREIDE—
II. ABNEHMENDE TROCKNUNGSGESCHWINDIGKEIT

Zusammenfassung—Analytische Losungen auf der Grundlage der Diffusionsgleichung werden fiir die

pneumatische Trocknung von Getreide widhrend des zweiten Trocknungsabschnitts (abnehmende

Trocknungsgeschwindigkeit) angegeben. Sowohl die Anderung der Luftfeuchtigkeit entlang des Kanals als

auch der innere und duBere Stoffiibergangswiderstand des Getreides sind beriicksichtigt. Der innere

Diffusions-Widerstand ist fiir Biot-Zahlen grofer als 100 die bestimmende EinfluBgréBe des
Trocknungsprozesses.

MATEMATUYECKHH AHAJIU3 NMHEBMOTA30BON CYIIKU 3EPHA—
1. MEPUOJ MAJAIOMEN CKOPOCTU CYUIKH

Annotauma—IIpeCcTBIIEHb! AHAJIMTHYECKHE PELUEHUS HA OCHOBE ypaBHeHMs AMbOY3MH IS OnucaHUs

ITHEBMOTa30BOii CYILKM 3€pHAa B NEPHOA NMAafaloIEH CKOPOCTH. YUHTBIBAIOTCA H3MEHEHHE BJIAXKHOCTH

BO3JyXa NO JUIMHE TPYOBI-CYLIMIKH, a Takke BHYTPEHHEE M BHEIUHEE CONPOTHBICHHE NEPeHOCY

Mmaccel B 3epHe. [loka3zaHo, uto npu uucne Buo, npesbiatomiem 100, npesanupyrowee BIUSAHHE HA
NPOLIECC CYIUKH OKa3bIBAET BHYTPEHHeE conpoTeieHue quddy3un prary.
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